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Generalized current algebras introduced by Alekseev and Strobl in two dimensions 
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of Leibniz/Loday algebroids, which are characterized by QP structures. Especially, in 
three dimensions, a current algebra has a structure of a Lie algebroid up to homotopy 
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of the Courant-Dorfman bracket. Anomaly cancellation conditions are reinterpreted as 
generalizations of the Dirac structure. 
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1 Introduction 



Alekseev and Strobl [T] have generalized a current algebra in two dimensions to a target 
space TM © T*M, which is described by the Courant bracket, where M is a manifold in d 
dimensions. The condition that currents close and does not have anomalies is geometrically 
characterized by the Dirac structure on TM © T*M. Since the current algebra naturally 
contains fluxes, this is related to the string theory with a flux background. Generalizations 
of their current algebras to higher dimensions [2j , or more general currents in two dimensions 
[3] have been constructed. 

The canonical commutation relations of canonical conjugates can be reformulated in terms 
of the supergeometry. A Poisson bracket is constructed from a Schouten-Nijenhuis bracket 
and a Poisson bivector field [I]. We generalize this formulation to current algebras. 



The algebra to be closed under the Courant bracket is the Courant algebroid [5], [6]. 
The Courant algebroid has a supermanifold construction [7] by the derived bracket jS]. This 
construction is closely related to a QP structure of a topological field theory [9] in three 
dimensions. In fact, the supermanifold construction of the Courant bracket has derived a 
topological sigma model in three dimensions, which is called the Courant sigma model [TO] . 
|lf j . This is a direct application of a AKSZ construction [12], [13], [11] in a topological field 
theory to three dimensions. The supergeometry is a key idea again. 

In this paper, current algebras described in Alekseev and Strobl are reconstructed in terms 
of a QP structure. This reconstruction proposes the unified structure of current algebras in 
an arbitrary dimension. Moreover current algebras [2] in a n dimensions worldvolume are 
consistently generalized in order to contain more general dynamical systems. We point out 
that current 'algebras' have structures such as the Lie algebroids [H], the Courant algebroid 
and their generalizations, containing the Loday algebroids. Especially, current algebra in 
three dimensions has a structure of a Lie algebroid up to homotopy [T5], more generally, the 
H-twisted Lie algebroid [IE]. Anomaly cancellation conditions are clarified in terms of QP 
manifolds of degree n and gives rise to a generalization of the Dirac structure. 

The paper is organized as follows. In section 2, a supermanifold construction of current 
algebras in one dimension is considered. In section 3, the paper of Alekseev and Strobl is 
reviewed. In section 4, mathematics related to this article is explained. In section 5, the 
current algebras in two dimensions are reconstructed from a QP manifold. In section 6, the 
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generalized current algebras in three dimensions are introduced and reinterpreted from a QP 
manifold. In section 7, the generalized current algebras in n dimensions are discussed. Section 
8 is conclusions and discussion. 



2 Current Algebras in One Dimension 

First we consider one dimensional worldline typical and well known example of 

our ideas. Let us consider a space M of d dimensions defined on one dimensional worldline 
X\ = R, which possesses the canonical conjugates (x 1 ,pj) on a phase space T*M, where the 
Poisson brackets are given by 

{x 7 ,x J }p. B . = 0, {x^p^p.b. = 5 7 j, {pi,Pj}p. b . = 0, (2.1) 

where I, J, • ■ ■ are indices on M. Introducing a gauge potential Aj(x) on M, the canonical 
momentum pj is shifted as pi — >■ pi + Aj. The Poisson brackets of canonical conjugates are 
twisted by a closed 2-form Hu = diAj — djAj on the phase space as follows: 

W,x J } P . B . = 0, {x r ,pj}p. B . = 6 I j, {pi^Ap.b^-Hjj. (2.2) 

A 'current' on the phase space is a function F(x,p) which does not depend on the coordinate 
t on Xi explicitly, that is, d t F(x,p) = 0. Let F(x,p) and G(x,p) be currents on the phase 
space. The Poisson bracket between two currents gives us a new current: 

rp/ , OF dG dF 8G TT dF dG . 

{ F(x,p),G(*,p)},B. = - w ^ + H U -— = K(x,p), (2.3) 

fromEq. (12T21) . 

This structure is reformulated by an odd Poisson bracket, which is called the Schouten- 
Nijenhuis bracket. Let us consider the exterior algebra A°T(T*M), of which sections are 
identified to functions on a supermanifold T*[1](T*M), T A* T(T*M) = C°°(T*[1}(T*M)) 
□. An odd symplectic form Q is induced from a natural symplectic structure on a (double) 
cotangent bundle T*(T*M), which is 

n= 8x^ A 5£j = Sx 1 A 8£i + 8pi A Srj 1 , (2.4) 



5 Recent reviews about a supermanifold and a supergeometry are |17j . |18) and |19) 
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where x 1 = [x ,Pi) is a Darboux coordinate on T*M and = (£/,?/) is an odd local 
coordinate of the fiber of T*[1](T*M). Degrees are assigned to each coordinate, x 1 = (x 1 ,pi) 
has degree and £j = (£/,?/) has degree 1. The odd Poisson brackets on the canonical 
quantities are 

{«W} = 0, {&,O} = 0, {x I ,t J } = 5 ! j. (2.5) 

Now let us require a degree 2 function G C°°(T*[1](T*M)) such that {6,0} = 0. A 
general solution of is 

© = \f n (x)t&, (2-6) 

where f™(x) is skewsymmetric and 8 ^ ^ f^{x) + {IJK cyclic) = 0. Since no background 
structure except for Hu is assumed on M, the only solution is 

>"(»> - ( A ^ ) • (2 - 7) 

Here we set I = (1, ■ ■ ■ , D, D + 1, • ■ ■ , 2D) and a? 7 = (a? 7 ,a; D+/ ) = (x^pj). Under this 
settings, the original Poisson bracket is reconstructed by the derived bracket: 

{F(x,p),G(x,p)} PB = {{F(x), 0}, G(x)}. (2.8) 

In fact, the Poisson brackets on the canonical conjugates are derived as 

{{x 1 , 0}, x J } = 0, {{x 1 , Q}, PJ } = S'j, {{p I} Q}, PJ } = -Hu. (2.9) 

The construction here is known as a Poisson bracket from a Schouten-Nijenhuis bracket and a 
Poisson bivector field in the Poisson geometry j3]. A Schouten-Nijenhuis bracket { — , — } is an 
odd Poisson bracket and a Poisson bivector field is 0. The Poisson structure are associated 
to a structure with a Lie algebroid on T(T*M). 

3 Current Algebras in Two Dimensions 

In this section, the construction of current algebras by Alekseev and Strobl [TJ in two dimen- 
sional spacetime is reviewed. Let us consider a two dimensional worldsheet X2 = S 1 x R. 
The phase space is the cotangent bundle T*LM of the loop space LM = Map(S' 1 , T*M). Let 
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x\a) be a local coordinate and pi(cr) be a canonical conjugate, where a is a local coordinate 
on S" 1 . The symplectic structure can be written as follows: 

u = / da dx 1 Adpr. (3.10) 
Js 1 

The Poisson bracket on the canonical quantities is 

W,x J }p. B . = 0, {x I } pj}p.B. = 5 I j5{a-a f ), {pi,Pj}p.b. = 0. (3.11) 
More generally, f)3.10p can be twisted by a closed 3-form H as 

/ da Sx 1 A 6 Pl + - [ da H IJK d a x J r 5x J A 8x K . (3.12) 

JS 1 2 J5 1 



Then the Poisson bracket is modified to 

{x J ,x J }p, B , = 0, {x^pjjp.B. = 5 1 j5(a-a'), {pi,pj} P . B . = -H IJK d a x K 5(a -a'). (3.13) 

A generalization of a current algebra to a target space TM @T*M has considered: 

J o(f)( a ) = f( x ( a ))> Ji{u,a){<?) = a/(a;(a))9 (T x / (o-) + u 1 ' \x(a))p I (a), (3.14) 

where f(x(a)) is a function, ai(x)dx I is a 1-form and w = u I (x)di is a vector field on the 
target space. Jo(/) is a current of mass dimension zero and J\( u ,a) is one of mass dimension 
one. These forms contain current Kac-Moody algebras on the WZW model, currents of the 
Poisson sigma model and a Killing vector field with a 3-form on the target space as a special 
case. 

The canonical commutation relations (13.131) derive commutation relations of current alge- 
bras dSHJ: 

{^o(/)(c0, Mf'){a')}p.B. = 0, 

df 

{Ji{u,a)((r),Jo(fi)(v')}p.B. = -u 1 ^-j(x(a))5(a - a'), 

{Jl(u,a)(cr), Jl{u',a'){.o')}p. B . = ~ J\([(u,a), (u',a')]) ( cr ) ( ^( cr _ a ') 

+((«, a), (u 1 , a'))(a')dj(a - a'), (3.15) 

where 

[(u, a), (u 1 , a')] = ([u, u'], L u a' — L u ia + d{i u ia) + H(u, u', ■ )), (3.16) 
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is the Courant-Dorfman bracket on TM © T*M and ((u, a), (u', a')) = % u >ol + i u ct is a sym- 
metric scalar product on TM © T*M [5], [6]. 

From Eq. ( I3.15p . the anomaly cancellation condition is ((u,a), (u',a')) = 0. The current 
algebra closes if this condition is satisfied. This is satisfied on the Dirac structure on M. The 
Dirac structure is a maximally isotropic subbundle of TM © T*M, whose sections are closed 
under the Courant-Dorfman bracket. 



In this section, mathematical structures which appear in this paper, such as a QP manifold 
and an algebroid are prepared. 

A nonnegatively graded manifold M, called a N- manifold, is defined as a ringed space 
with a structure sheaf of nonnegatively graded commutative algebra over an ordinary smooth 
manifold M. Grading is called degree. 

A N-manifold equipped with a graded symplectic structure (P-structure) Q of degree 
n is called a P-manifold of degree n, (A4,Q). The graded Poisson bracket on C°°(M.) is 
defined from the graded symplectic structure VL on M. as {/, g} = (— +1 ixfix g &>) where a 
Hamiltonian vector field Xf is defined by the equation {/, g} = Xjg, for f,g 6 C°°(Ai). 

Definition 4.1 Let (Ai, Q) be a P-manifold of degree n and Q be a differential of degree +1 
with Q 2 = on M. . Q is called a Q-structure. A triple (M, fl, Q) is called a QP-manifold 
of degree n and its structure is called a QP structure, if Q and Q are compatible, that is, 



Q is also called a ho mo logical vector field. A Hamiltonian O G C°°(M) of Q with respect to 
the graded Poisson bracket { — , — } satisfies 



and has degree n+1. The differential condition, Q 2 = 0, implies that is a solution of the 
classical master equation, 



4 QP Manifold 



£ Q tt = 00. 



Q = {e,-} 



(4.17) 



{0,0} = O. 



(4.18) 



A QP manifold (M,Q, Q) is also denoted by (M, fl, 0). 
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T*[1](T*M) in section 2 is a graded manifold of degree 1. An odd symplectic form Q is 
a P-structure of degree 1 and a Poisson bivector field is a Q-structure. Thus a current 
algebra in one dimension has a structure of a QP-manifold of degree 1. 

Definition 4.2 A vector bundle E = (E, p, [—, — ]) is called an algebroid if there is a bracket 
product [ei,e 2 ], where ei,e2 € YE, and a bundle map p : E — >■ TM which is called an anchor 
map, satisfying the conditions below: 

p[ei,e 2 ] = [p{e 1 ),p{e 2 )l (4.19) 
[ei,/e 2 ] = /[e 1 ,e 2 ]+p(e 1 )(/)e 2 , (4.20) 

where the bracket [p(ei), p(e 2 )] zs t/ie usual Lie bracket on YTM. 

A Loday algebroid is an algebroid version of a Loday(Leibniz) algebra [20], [21] . 

Definition 4.3 An algebroid E = (E,p, [—,—]) is called a Loday algebroid if there is a 
bracket product [e\ , e 2 ] satisfying the Leibniz identity: 

[ei,[e 2 ,e 3 ]] = [[ei, e 2 ], e 3 ] + [e 2 , [ei, e 3 ]], (4.21) 

where ei,e 2 ,e3 G YE, A Loday algebroid is also called a Leibniz algebroid. 

Correspondence of a Loday algebroid with a homological vector field on a supermanifold is 
discussed in [22J. The following theorem has appeared in [T7] . 

Theorem 4.4 Let n > 1. Functions of degree n — 1 on a manifold can be identifies as 
sections of a vector bundle E. The QP-structure induces a Loday algebroid structure on E. 

Let x be an element of degree and e^ n ~ 1 ^ be the element of degree n — 1. If we define 

[ei,e 2 ] = {{ef^e},^}, (4.22) 
p( ei )F(aO = {{c^.e},^*)}, (4.23) 

where [— , — ] and p satisfy the relations of a Loday algebroid (14.191) . (I4.20p and (14.211) . 
Examples of a QP manifold of degree n are listed. 
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Example 4.5 Let g be a Lie algebra with a Lie bracket [— , — ]. Then is a QP man- 

ifold of degree n. A natural P-structure Q is induced from the canonical symplectic structure 
on T*g, constructed from the canonical pairing of g and g*, ( — ,—). Define 9 = \{p, [q,q]), 
where q e g[l] and p G Q*[n]. Since {6,6} = from a Lie algebra structure, 6 defines a 
Q-structure. If we take a structure constant f A nc of Lie algebra, 6 = \f A BcPAq B q c ■ 

Example 4.6 Let n = 1. Then Ad is canonically A4 = T*[1]M and a Poisson bracket { — , — } 
in the P-structure is a Schouten-Nijenhuis bracket. A Q-structure 6 has degree 2 and Q 2 = 
is that 6 is a Poisson bivector field. Thus a QP manifold of degree 1 is a Poisson manifold 
on M. 

Example 4.7 Let n = 2. A P-structure fl is an even form of degree 2. A Q-structure 6 
has degree 3 and Q 2 = defines a Courant algebroid structure on a vector bundle E. A QP 
manifold of degree 2 is a Courant algebroid [7]. 

The Dirac structure L is a maximally isotropic subbundle of the Courant algebroid E, whose 
sections are closed under the Courant-Dorfman bracket. The symmetric scalar product (— , — ) 
corresponds to the Q-structure { — , — } of a QP manifold construction of the Courant alge- 
broid. If we identify functions on a QP manifold to the sections of a vector bundle E, the 
sections of the Dirac structure YL are commutative under the P-structure { — , — } and closed 
under the derived bracket {{ — , 6}, — }. 

Example 4.8 Let n — 3. One of examples of a N-manifold is A4 := T*[3]S[1]. A P-structure 
Q is an odd form of degree 3. A Q-structure Q 2 = defines a Lie algebroid up to homotopy 
(the splittable H-twisted Lie algebroid) on E [15J. A general nonsplittable algebroid is the 
H-twisted Lie algebroid [16] . 

Example 4.9 Let E be a vector bundle on M and Ai = T*[n]E[l]. If a QP structure is 
defined on A4 = T*[n]E[l] and n > 4, E becomes a Lie algebroid and YE © A n ~ 1 E* is a 
subalgebroid. A Lie algebroid is a Loday algebroid which bracket [— , — ] is skewsymmetric. A 
QP structure induces the Courant-Dorfman bracket on the subalgebroid E © A n_1 i?* by the 
derived bracket [— , — ] = {{ — , 6}, — }, which has the following form, 

[u + a, v + 0\ = [u, v] + L u f3 - i v da + H(u, v), (4.24) 
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where m,d6 TE, a, (3 e T A n_1 £"* and H is a closed (n + l)-form on E. We refer the reader 
to [21] , [25] and [26J for detailed studies of the bracket of this type. QP descriptions of higher 
Courant-Dorfman brackets are discussed in |27j . 

5 QP Structures of Current Algebras in Two Dimen- 
sions 

The construction of the mechanics by the odd Poisson (Schouten-Nijenhuis) bracket in sec- 
tion 2 is generalized to current algebras in two dimensions. Let us consider the super 
extension of the space direction of the worldsheet S 1 , T[l]S l , which has a local coordi- 
nate (c, 9). Moreover we consider the graded extension of degree 2 of the target space, 
M = T*[2](T*[1]M) and the space of smooth map from T^S 1 to T*[2](T*[1]M), which 
is denoted by Map(T[l]S\ T*[2]{T*[l]M)). A QP structure of degree 2 is introduced on 
T*[2](T*[1]M). Let Obea P-structure and 6 be a Q-structure on T*[2](T*[1]M) 

x 1 {a) is extended to a superfield x J (a, 9) = x J (a) + 9x^ l ' I (a), which is a smooth map 
from TfljS* 1 to M. The canonical conjugate pi is extended to an odd superfield of degree 1, 
Pi(a, 9) = Pj(cr) + 8pi(a), which is a section of T*[1]S' 1 © x*(T*[l]M), where pp is an odd 
auxiliary field of degree 1, Moreover Let us introduce 'canonical conjugates' of pi and x 1 , 
respectively. A superfield ^(a, 9) = r/^ J (cr) + 9rj^ 1 (cr) of degree 1 is a section of ^[ljS 11 © 
x*(T*[l]M) and ^(a, 8) = ^ 0) (a) + 9^ ] (a) of degree 2 is a section of T^ljS 1 © x*{T*[2]M). 

The Courant algebroid structure on TM © T*M is mapped by the canonical shifting and 
embedding called the minimal symplectic realization j : TM © T*M — > T*[2]T*[1]M such 
that j : (x 1 , g^r, 0, dx l ) i — > (x 1 ,pi, £j, rj 1 ). g|j i — )• is defined by a natural pairing of TM 
and T*M, (u J -£j ^pidx 1 ) ii 7 p/. j induces a map j : (x J ,pi, 0, rfx 7 ) i — >■ (x 1 ,pi, ^i^ 1 ) for 
superfields. 

A graded symplectic form f2 is defined from Q as 

0=/" d(Td9$*n=[ dad8 (Sx 1 A6^ I + 6p I A Srj 1 ), (5.25) 
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where $ e Map(T[l]S' 1 , T*[2](T*[1]M)). Then the commutation relations are obtained as 

{pjM^V,*')} = {»/V^)>pjKO} = <5V^-^W-^), 

V, 0), 6K, ^)} = 0), ^V, 0)} = S z jS{a - a')8{9 - 9'), (5.26) 

where 5(9 - 0') is defined by 9 + 0'. 

Next a Q-structure Hamiltonian functional on Map(T[l]<S' 1 , M) is constructed. is 
induced from the Q-structure Hamiltonian function O on Ai. is defined as follows: 

= / dad9 $*6. (5.27) 

Since the integration shifts degree by 1, (Map(T[l]S l , A4) , f2, 0) is a QP manifold of degree 
1. Therefore Q, define a Poisson structure. 

Since M. = T*[2](T*[1]M) is a QP-manifold of degree 2, a Hamiltonian function is of 
degree 3 and defines the Courant-Dorfman bracket from Ex. 14.71 by the derived bracket: 

[--] = {{- ©}>-}■ (5-28) 

Since we do not consider any extra structure except for a closed 3-form H in the original two 
dimensional system, a Hamiltonian function is canonically taken as 

$*e = rj 1 ^ + ^HuKixWriV. (5.29) 

{6, 6} = if and only if H is a closed form. Indeed the derived brackets of graded fields are 
obtained as follows: 

{{x I (a,9) 1 &},x J (a\9')} = 0, 

{{x 1 ^ 9), ®},pj(a', 9')} = tfjSia - a')6(9 - 9'), 

{{ Pl (a, 9), &}, Pj (a', 9')} = -H IJK (x(a, 9))r, K (a, 9)5(a - a')5(9 - 9'). (5.30) 

The pullback of the embedding map j* induce the Poisson bracket on the original fields. This 
corresponds to taking a projection to a submanifold by making the projection of auxiliary 
fields, 

a;«V) = P/°V) = V (0)I = 0, V (1)I = dx 1 , (5.31) 
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after the calculations of the graded Poisson bracket. The Poisson brackets (13. 13[) of canonical 
quantities are derived as 

{zV), * V)W = ?{{*V, 0), 0}, x J {a', 9')}, 

{^{(T),pj{a r )}p. B . = fiWia, 9), &},pj(c/, 9')}, 

{pi(a),pj(a')} P . B . = f{{ Pl {a, 9), &}, P j(a', 9')}. (5.32) 

Generalized currents are converted to super functions of degree of zero and degree of one on 
C°°(M) by j* : J i — > J, respectively: 

J ( f )(a,9) = /(as), and Ji( UjQ! )((7, 0) = a^x)^ 1 + u I (x)p I . (5.33) 

The original currents are recovered by the pullback of j. The derived brackets of these current 
functions are directly calculated from (15. 26j) as follows: 

{{J 0{f) (a,9),@},J 0{n (a',9')} = 0, 

{{Jl(u,a)(°> 0), ©}> •*>(/') K d ')} = -v' 1 ^! 5 ^ ~ a 'W 9 ~ 

{{Jl(u,a)(<y, 9), ©}, Jl(u',a')(cr', 9')} = -Jl([( u ,a),(u',a')])(cr, 9)5(<7 - a') 5 (9 - 9'), (5.34) 

where 



Jl([(u,a), («' ,(*')]) \ a -> ®) 



j du 11 ,j du 1 
dx J dx J ^ ' 



. (5.35) 



dx J dx J 

Here Eq. f!5.28j) is used to derive the Courant bracket. Eq. f l5.34|) has the same relations as 
the current algebras (13.151) except for the anomaly terms. 

The anomaly terms, which are proportional to the differentials of the delta function, are 
obtained by the graded Poisson brackets of currents as 

{J m [a,9),J Q{n {a',9')} = 0, { J m {<r,9), J Hu > ,*>){*' , 9')} = 0, 

{Ji(u,a)(^ 0),J 1{u%al) (a', 9')} = (am' 1 + a'ju 1 )^ ~ cr')8{6 - 9'). (5.36) 

The coefficients of the delta functions in the right hand sides are the same as the coefficients 
of d a 5(a — a') in anomaly terms in the current algebra (13.15p . Results are summarized to the 
following theorem: 
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Theorem 5.1 A current algebra ( 13 . 1 5[) in two dimensions has a realization in a QP manifold 
of degree 2 on T*[2]T*[1]M induced from the minimal symplectic realization j : TM@T*M — > 
T*[2]T*[1]M . The algebraic structure is calculated by the derived bracket of current super 
functions. The anomaly cancellation condition is equivalent to the condition that currents 
super functions are commutative under the Q-structure. 

6 Generalized Current Algebras in Three Dimensions 

Current algebras in the previous sections are generalized to three dimensions. It is necessary 
to extend current algebras in three dimensions in order to contain currents in a large class of 
field theories such as the Chern-Simons theory with matters or the Courant sigma model. 

6.1 Chern-Simons Theory with Matter 

The action of complex scalar fields coupled with the Chern-Simons theory in three dimensions 
is 

S = / d^kuid^x 1 + f KL q^x L )(dV J + f J M N q" M x* N ) 

+V(k IJ x* I x J ) + ^e^qfaqj + ^f^e^q^qf] . (6.37) 

where X3 = £ x R is a manifold in three dimensions, x 1 is a complex scalar field and qff is 
a gauge field. fuK is a structure constant of a Lie algebra, kjj is a metric on a Lie algebra 
Recently, this action is used to describe multiple M2-branes [28] [29] [30] [31]. The action 
(I6.37P can be written in terms of differential form as follows: 

S= [ kUdx 1 + [q,xY)A*(dx* J + [q,x*} J ) + *V(k IJ x* I x J ) + ^q I Adq J + ^J IJK q I Aq J Aq K 
Jx 3 1 & 

(6.38) 

where 

\q,x\ l = f JK q J x K , (6.39) 
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and x I (a) and q^cr) = da^qJa) are a O-form and a 1-form, respectively. * represents the 
Hodge star. The canonical momenta are 

6 S 

Pi = ^d QX /) = k "(dox J + f J KL qoX L ), 



Pi = J^IS = k ^ x * J + / W^) 
8S 



" = mm = kuql {eA0) 

The symplectic structure is defined as 

co = J d 2 a (Sx 1 A 8pi + Sx* 1 A Sp*- + kij8q[ A 8q%) . (6.41) 
The Hamiltonian of the system is following: 

H = Ho + q I Jii, (6.42) 
where Ju is a current of a gauge symmetry. Concrete expressions are 

2 

Ho = k IJ p}pj - k u J2( d * xI + fKLqfx^x*' + f MN qfx* N ) - V(x), (6.43) 
i=l 

Ju = MW - 5i ?2 J ) - /rf - fu K (x J p K + x* J p* K ). (6.44) 
The Poisson bracket for gauge currents is as follows: 

{Ma), J u (a')} P . B . = -f u K J 1K (a)8(a - a') « 0, (6.45) 
where we use the Jacobi identity: 

k KN (fKILfjMN + fKLjflMN + fKIjfhlLN) = 0. (6.46) 

We can easily confirm that J 17 commutes with the Hamiltonian, 

{J u (cj),n(a')} P . B . = - q Jf«J lK 5(a-a') « 0. (6.47) 

6.2 Courant Sigma Model 

The Courant sigma model has been introduced in [10] and formulated by the AKSZ formalism 
in [11], which is a topological sigma model in the 1 + 2-dimensional worldvolume. 
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This is a sigma model on a three dimensional manifold X3 to a vector bundle E — > M. 
This has the following action: 

S = [ pi A dx 1 + A dq B - f 1 I A {x)q A A Pl + ±-f 2ABC (x)q A A q B A q° , (6.48) 

where x 1 , g A and pj are 0-form, 1-form and 2-form on the base manifold X3, respectively. 
I, J, - ■ ■ are indices of M, and A, B, - ■ ■ are indices of the fiber of E, and is a fiber metric on 
E. By the construction, note that Jcab is symmetric for A, B and f2ABc(x) is skewsymmetric 
for A, S, C. More precisely, x 1 is a smooth map from X 3 to M, q A G T(T*X 3 ® x*{E)) and 
p 7 G r(A 2 T*X 3 g> x*(T*M)). 

For consistency of the action, the structure functions /i / yi(^), f2ABc(%) must have the 
following conditions (see [TU]): 

(1) k AB f{ A fi J B = 0, 
/o^ /J 9 Ab ,j df( A 

uCD f l f _ n 

^ ■ tlA ~dx T ~ ■ tlB ~dx T hchDBA - U, 

/„\ j-7 9f 2 ABC _ ,1 df 2 BCD f 1 df 2 CDA _ ,/ 9f 2 DAB 

{4) hD dx 1 hA dx 1 +hB dx 1 hc dx 1 

+ k EF (f 2 EAB fiCDF + f2EAcf2DBF + f2EAD f2BCF ) = 0. (6.49) 

(I6.49P is equivalent to the condition that a vector bundle is the Courant algebroid [TU] . 
[TT] . If we take /i^(cc) = and f2ABc(x) = Jiabc =constant, the Courant algebroid reduces 
to a Lie algebra and the action (16.481) reduces to the Chern-Simons gauge theory plus a BF 
theory. This model contains a lot of known models, such as the Chern-Simons gauge theory 
and the Rozansky-Witten theory [23J. 

We set X 3 = £ 2 x R, and q A = q A da^ and pi = ^pi^da^da" '. Since the canonical 
momenta yield 

8S 8S d , , 

the symplectic structure is written as 

I d 2 a (5X 1 A Sp I12 + k AB 5q A A 8q B ) . (6.51) 



UJ 
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The Hamiltonian of the system is following: 

H = I d 2 a (ivjdox 1 + ir A doqi ~ £) 

= / d 2 a ( - pioi(5 2 x 7 - f{ A q 2 ) + PimidiX 1 - f{ A qt) 

JT.2 v 

-q£ (k AB (d iq i - d 2 q* ) - f[ APll 2 + f2AB C q?q%) ) • (6.52) 

Since the fields Pioi,Pio2, Qo are not dynamical variables, the following quantities are referred 
as currents, 

4(a) = d % x\a)-fi A {x{a))qt{a) : 

J*a{?) = k AB (d ig *(a) - d 2 qf(a)) - fi A {x{a))p Il2 {a) + f 2ABC (x(a))qf {<r)q?(a), (6.53) 

where i = 1,2. In fact, they are constraints 4i(°~) ~ and J2a(c) ~ 0. The Hamiltonian is 
expressed in term of these currents as follows: 

H= I cPa{-p I01 J^+p m Jii-q}J2A)- (6.54) 

For consistency of the system, the Poisson brackets of constraints must be closed on the 
constraint subspace. The current algebra takes the following commutation relations: 

{4(a),j/>')W = 0, 

{ j 2A (<t), 4K) W = |^(^))4>)5V - a'), 

{ Jut*), J2bW)} rb . = (^(x(a))(J^(a) ?2 c (a) - J{ 2 {a)q^a)) 

+f2ABc(x(a))k CD J 2D (a)y 2 (a - a'), (6.55) 

with Eq. fl6T49|) . 

6.3 Generalized Current Algebras in Three Dimensions 

We generalize a current algebra in three dimensional worldvolume as a generalization of 
Alekseev and Strobl, and in order to contain the currents of the matters coupled with the 
Chern-Simons theory or the Courant sigma model in the previous subsections. 

Let us take the worldvolume X% = T, 2 x R and a target vector bundle E. Since the Courant 
sigma model is generalized by introducing a closed 4- form [32], the symplectic structure (16.511) 
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can be generalized by introducing a closed 4-form H = -^H IJKL (x)dx I dx J dx K dx L on a target 
space M, which is 

/ d 2 a{6x I A 5p I12 + k AB 5q A A 6q B ) + \ [ d 2 aH IJKL e ij diX 1 d jX J 5x K A 5x L , (6.56) 

where i,j = 1,2 and e 12 = l,e 21 = —1 (and others are 0). Then the Poisson brackets of 
canonical quantities are 

{*V),^-(a')W = e^ia-a'), {q A (a),qf(a')} P . B . = e l] k AB 5 2 {a - a'), 
{pii j (°),PJkM}p.B. = ~e ij e kl H IJKL {x)e mn d m x K d n x L 5 2 {a - a'). (6.57) 

The mass dimensions of each quantities are chosen so that u is dimensionless [2]. Since 
dimfcr] = — 1 and dim [d] = 1, the mass dimensions of the canonical conjugates are taken as 
dim[x 7 ] = 0, dim[g ] = 1 and dim[p/] = 2. 

If it is assumed that each current has the homogeneous mass dimension, the following 
three currents are most general forms of mass dimension zero, one and two, respectively: 

J o(/)(^) = f{x(a)), 

Ju(a,u){<?) = a / (x(a))9 i x / (a) + u A (x(a))q A (a), 

J2v(G,K,F,B,E)( a ) = e iJ ekl ( ^G 1 (x(a))p Ikl (a) + K A (x(cr))d k q A (a) + -F AB (x(a))q A (a)q B (a) 

+^B IJ (x(a))d k x I (a)d l x J (a) + £ A/ (x(a))d fc xVkV)) . (6.58) 

If the canonical quantities are rewritten by differential forms q A = q A da l , pj = ^pujda 1 A 
da^ on the space direction E, the canonical commutation relations are 

{x\a)^j{a')} = - a'), {q A (a),q B (a')} = -k AB S 2 (a - a'), 

{pi(a),pj(a')} = - l -H IJKL dx K A dx L 5 2 (a - a') (6.59) 

Generalized currents in differential form are written by 

J o(/)(^) = /, Ji{ a ,u){o) = a + u, J 2{G , KtF , B , E) {a) = G + K + F + B + E, (6.60) 

respectively. Here a, u, G, K, F, H, E are defined as forms: 



a = a I (x(a))dx I , u = u A {x{a))q A , G = G 1 {x{a))pi{a) 1 K = K A dq A , 

F = l -F AB {x{a))q A {a) A q B (a), B = ^B^a^dx 1 (a) A dx J (a), 

E = E AI (x(a))dx\a) A q A (a). (6.61) 
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The Poisson brackets of currents are directly calculated by using (I6.59P as the following forms: 



{J (/)(o-), J (/')(°"')} = 0, 

{Jl{a,u)(v), Jo(f')( a ')} = ' 

{J2(G,k,f,b,E)(ct), Jo(f ')(<?')} = -iGdf'6 2 (a - a'), 
{Ji( a ,u){v), Ji(a>,u>)(v')} = -(u,u')5 2 (a - a'), 

\J2{G,K,F,B,E){o')i Jl (a' ,u') { a ')} 

= -Ji(a,u)5 2 ((r - a') + {i G a' - («', K))d5 2 {a - a'), 

{J2(G,K,F,B,E)(&), J2(G , ,K',F',B',E')(o-')} 
= ~'h{G,K,F,B,E)d 2 ( (J ~ a ') 

-ME' + B') + i' G {E + B) + (E' + F', K) + (E + F, K')) A dS 2 (a - a'), (6.62) 

and 

a = (igd + die) a' + (E — dK, u'), u — icdu' + (F, u 1 ), 
G — \Gj G ] , 

K = i G dK' - % G ,dK + i G ,E + (F, K'), 
F = % G dF' - % G ,dF + (F,F'), 

B = (die + i G d)B' - ia'dB + (E, E') + (K', dE) - {dK, E') + i G n G H, 

E = (di G + i G d)E' - i G 'dE + (E, F') - (E', F) + {dF, K') - {dK, F'), (6.63) 

where all the terms are evaluated by a'. Here [— , — ] is a Lie bracket on TM, i G is an interior 
product with respect to a vector field G and (— , — ) is the graded bilinear form on the fiber of E 
with respect to the metric k AB . For example, {q A , q B ) = k AB , {q A /\q B , q c ) = q A k BC — q B k AC , 
etc. Component expressions of the equations (16.621) and (16.631) appears in the Appendix. 

6.4 Current Algebras and QP structures of degree 3 

We point out that Current algebras in the previous subsection are constructed from a QP 
structure of degree 3 on M. = T*[3)T*[2]E[1] in this subsection. 

Let us extend the space direction of the worldvolume to the supermanifold T[l]£ 2 with 
a local coordinate (^,0*). Let {T*[3}T*[2}E[1},Q,Q) be a QP manifold of degree 3. A 
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target space T*E has a natural symplectic realization j : T*E — > T*[3]T*[2]E[1], where j : 
(x 1 , q A , g|r, 0, dq A , dx 1 ) i — > (x 1 , q A ,pi, £/, r/ A , % 7 ). This map and a natural pairing of TM and 
T*M induce an embedding map of mapping space of superfields j : (x 1 , q A ,pi, 0, dg A , i — >■ 
(a; 1 , pi,£i, r] A , x 1 )- Let us consider the space of smooth map from T[1]E 2 to T*[3](T*[2]£'[1]), 
which is denoted by Map(T[l]E 2 ,T*[3](T*[2]£[l])). 

Let us consider a local coordinate expression. Let x T (a, 9) = x 1 \a)+9 l xf >1 \a)+\9 l 9 3 xf^ 1 (a) 
be a smooth map from T[1]E 2 to M. q A {a,9) e r(T*[l]E 2 <g> x*{E[l])) is a superfield of de- 
gree 1, q A (a,9) = q^ A (cr) + 9 l q A (a) + ^6 l 9 J qff A (a), which contains q A as a component. A 
superfield containing Pl isp 7 (<7,0) G r(T*[l]E 2 <g> x*(T*[2]M)), f>/(a, 9) = pf\a) + 9 i p^(a) + 
^9 l 9 J pnj(a). A graded symplectic form fl of degree 1 is defined from Q as 

Q= [ d 2 ad 2 9 <5>*Q = [ d 2 ad 2 9(5x I A5£ I + k AB 5q A A Sr] B + S Pl A Sx 1 ), (6.64) 

Jt[1]T, 2 JT[1]S 2 

where £j(<t,0) e r(T*[l]E 2 <g> x*(T*[3]M)), ?? A (<7, 0) G r(T*[l]E 2 <g> au*(T*[3]f?[l])), and 
X J (M) e r(T*[l]E 2 <g> a;*(T*[3]T*[2]M)) are 'canonical conjugates' of a; 7 , q A and Pl with 
respect to fi. The graded Poisson brackets on 'canonical conjugates' are 

{x\a, 9),£j(v', 0')} = * W " <rW ~ 0'), 

{q A (a, 9),r, B (a>, 9')} = k AB S 2 (a - a')5 2 {9 - 9'), 

{ Pl (a, 9), x j (<t', 9')} = 5 VV - <r')6 2 (9 - 9'), (6.65) 

where 5 2 (9 - 9') = (9 X + 9[)(9 2 + 9' 2 ). 

A Q-structure Hamiltonian functional © is induced from the Q-structure Hamiltonian 
function on T*[3]T*[2]E[1]. is defined as follows: 

= / d 2 ad 2 9 $*0. (6.66) 
Jt[i]t, 

Since the integration shifts degree by 2, (Map(T[l]S' 1 , A4), f2, 0) is a QP manifold of degree 
1 and Q, define a Poisson structure. 

A Q-structure Hamiltonian function is of degree 4. Since no background structure 
except for a closed 4-form H is considered, the local coordinate expression of the pullback of 
is canonically taken as 

$ *e = x'ii + \kABr)\ B + \n lJKL {x)x I X ] X K X L - (6.67) 
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The derived brackets for fundamental superfields are 

{{* V, 9),e}, Pj (a', 9')} = -{{ Pl (a, ,9),G}, x J (a', 9')} = 8 1 j5\a - a')5 2 {9 - 9'), 
{{q A (a, 9),Q}, q B (a>, 9')} = -k AB 6 2 (a - a')5 2 {9 - 9'), 

{{pi(a,9),e},pj(a',9')} = -\h ijklX K X L 5 2 {o - a')5 2 {9 - 9'), (6.68) 

These derive the Poisson brackets for canonical conjugates by the pullback of the embedding 
map j: 

{x T (a, 9), Pj (a', 9')} PB = ?{{*V, 9),Q}, Pj (a', 9')}, 
{q A (a, 9),q B (a' 1 9')} pB = ?{{<?>, 0), 9}, q B (a', 9')}, 
{Pi{(t)M°')}p.b. = 3*{{Pi(°, 0), ®Ipj(*', 0')}, (6-69) 

This is realized by the 'gauge fixings' of auxiliary fields, which are carried out after the 
calculations as 



x-! 1 " = *!?' = « (0) ' 4 = <ff A = pT = = x'°" = o. 



j ij — h — Hij — Pi — Pn 

= da 1 , 



4f A = d ig f - d jg f. (6.70) 

Since functions on the supermanifold C°°(T[1]S2) can be identified to the exterior algebra 
/\*T*S2, the original Poisson bracket (16.591) is obtained. 

j maps generalized currents (I6.60p to current super functions of degree 0, 1 and 2 as 

j Jo(/) = J ( f )(a,9) = f(x(a,0)), 

j Jl(a,u) = Jl(a,u)(or, 9) = ai(x((T, O))^ {<*, 9) + U A (x((T, 9))q A ((T, 9), 
j J2(G,K,F,H,E) = J2(G,K,F,H,E)(CT,9) 

G\x{a, 9)) Pl (a, 9) + K A (x(a, 9))r, A (a, 9) + ~F AB (x(a, 9))q A (a, 9)q B (a, 9) 
+ 1 -B IJ (x(a, 9)) X I (cr, 9) X J (v, 9) + E AI {x{a, 0))*' (<r, 9)q A (a, 6)j . (6.71) 
Straightforward calculations show that the derived brackets describe the correct commutation 
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relations (I6.62p of current algebras: 
{{Jo(/)) ©}, Jo(f')} = °> 

{{Jl(u,a), ©}, Jo(f')} = 0, 

{{J2(G,K,F,H,E), 0}, Mr)} = - Gl ^I 5 ^ a - a ') 5 ^ 6 ~ ^ 
{{J H u,a), ©}, Jl««0} = -^"V^V " ^')5 2 (^ - 

{{J2(G,K,F,B,E)i ©}, J2(G',K',F',B',E')} = ~ J 2(G ,K ,F \B ,E)^ X°~ ~ ^')5 2 (9 - 9'), (6.72) 

where a, u, G, K, F, H, E are in Eq. (I6.63p . 

The commutators of current functions with respect to the P-structure are 

W0(/)> «^0(/')} = 0' {Jl{u,a)i Jo(f')} = 0, {J2{G,K,F,B,E), Jo(f')} = 0' 
{Jl(u,a)i Jl(u',a')} = 0, 

{ J2 { g,k,f,b,e), JW)} = (GV, - fc As iW B )<*V - a')5 2 (9 - 9'), 

{J2(G,K,F,B,E), J2(G',K',F',B',E')} = [(G J ' B'jj + G' J Bjj + k AB (KAE' BI + EajK' b ))-)^ 

+ (G J E' AI + G' 1 Eai + k BC (K B F' AC + F AC K' B ))q A ] 5 2 {a - a')5 2 (9 - 9'), (6.73) 

which derive the correct coefficients of anomaly terms in (16.621) . 
We have obtained the following result. 

Theorem 6.1 A current algebra (I6.62p in three dimensions has a realization as a QP mani- 
fold of degree 3 on T*[3](T*[2]E[1]) , i.e. a Lie algebroid up to homotopy on the vector bundle 
T*E. The anomaly cancellation condition is equivalent to the condition that currents super 
functions are commutative under the Q-structure. 

7 QP Structures of Current Algebras in n Dimensions 

We have seen that there are correspondences between generalized current algebras and QP 
manifolds in two and three dimensions. Generalizations to n dimensions is straightforward. 
A generalized current algebra in n dimensional worldvolume has a structure of a QP manifold 
of degree n. 
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7.1 Current Algebras in n Dimensions 

Let X n = S„_i x R be a manifold in n dimensions and a target space is a symplectic manifold 
in d dimensions. R is the time direction and S n _i is the n — 1 dimensional space. Let qf l) {a) 
be a canonical quantity, which is a i-form, where i — 0, 1, • • • , n — 1. The space of g^ W (o") 
is Map(£ n _i,T*.E), where i? = Ei is a vector bundle on M, where x A(0) = qf^ is a 

map from S n _i to M and g 4 AW is a section of A l T*S n _i © x*{Ef) for 1 < i < |_f J- The mass 



dimensions are dim [a] = — 1 and dim [d] = 1. qf (a) has dimf^ ] = i in order to make the 
symplectic form o> dimensionless. 

Let us consider the Poisson brackets for canonical conjugates: 

A(i) aU) . . , . aU) A(i) 

{gf 1 (a),q^ (a')} pB =(-ir +1 {q^ (a),q^ (a')} RB 

= {-l) l kf A * ) 5 hn ^ l 5 n -\o-a') for i<j, (7.74) 



4 (0) 4 (0) 



P.B. 

tA<Pa!P ^„4 0) a a jX'iin, I, n 



r^ Al A (o) A( o) ^ A • • • A dq ^8 n ~\a - a'), (7.75) 



(n-1)!" 

n. + 1-form and k i 

iU) A(i) A(i) aU) 



and the other commutation relations are 0, where H is a closed n + 1-form and k i 1 2 = 

, . A^'yl^' A W c\ i _-_-n 

(— 1)^ +1K ™ 'Jfcj 2 1 is a metric on the subspace of q i 1 and g- 2 and A w = A (n % L) . Note 
that if n is odd, the i = j term 



{«r V')} = (-ir^v-v - o, (-76) 

is nonzero, where m = t± y-- 

Currents Ji(qf ' (o"), d a qf M (a)) of mass dimensions / are considered, where I — 0, 1, • • • , n— 
1. The Poisson bracket of currents { J^qf* (a), d a qf ] (a)), J v (qf } (a'), d a ,qf {i) {o'))} PB has 
two terms, a commutator term and an anomaly term. 

7.2 QP-structures 

The space of worldvolume S n _i is extended to a supermanifold T[l]E„_i with a local coordi- 
nate (a 1 ,^). A canonical quantity qf M is extended to a superfield qf (t) - A superfield qf {z) of 
degree i (i — 0, • • • , n — 1) contains an original field g/ 1 1 as the i-th part. The target vector 
bundle is extended to the double graded vector bundle M = T*[n] (^T*[n - 1] ^0}lj £^])), 
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which is a QP-manifold of degree n with a QP structure (Q, 0). Note that the original canon- 
ical commutation relations of the original canonical quantities qf are not assumed in this 
stage. 

The original target space T*E is canonically embedded by the graded symplectic realiza- 
tion j : T*£" — > Ai. This induces a map j on a mapping space j : 1 ,0,d a q i 1 ) i — >• 

A W A (n_1) A (i) ,, _-n A (i) A (i) 

(qfi 1 , tyi 1 )*7i+i)) where T7 i+ \ = (— ^fc, 1 2 *7 A w i+1 - Then the total space of a 'su- 
per' current algebras is Map(T[l]E n _i, Ai). Superfields r) A ( l)i+l of degree i + 1 derived from 
fiber local coordinates are introduced (i — 0, • • • , n — 1) as 'canonical conjugates' and the odd 
symplectic structure (P-structure) is defined from graded symplectic structure fl of degree n 
on At as 

Cl= [ d n - x ad n - x Q = f d n - x od n - x Q (jZSqf^ A5r} A(n -i-i )n _A , (7.77) 

Vt[1]E„_i 7T[l]E„_i \ i=0 / 

where = ^4( n -^ 1 ). Thus the graded Poisson brackets for 'canonical conjugates' are 

{qf(a, 6),r, A u )3+1 (a', 9')} = -(-l)^)^ .^fo 9),qf(a', 9')} 

= A(i) 5 n -\a - a')5 n -\e - 9'), (7.78) 



and the others are 0. 

Let us take a Q-structure Hamiltonian function on a QP-manifold of degree n, Ai. The 
Q-structure functional on Map(T[l]E n _i, Ai) is defined as 

e = / d n ~ l ad n ~ l e $*©. (7.79) 

^T[l]E n _! 

This is of degree 2 and a Poisson bivector. Since (O, @) define a QP structure of degree 1, a 
Poisson structure is defined. 

From the assumption that there is no background structure except for a closed n + 1 form 
H, the Q-structure Hamilton function of degree n + 1 is uniquely determined as 

L 2 J 

I k. n ii n\ 

(n + 1)! 



=0 



where |_&J is the floor function which gives the largest integer less than or equal to k. The 
master equation of a Q-structure, {0, 0} = 0, is satisfied if and only if if is a closed, where 
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$ G Map(T[l]E n _i, Ai). The derived bracket with respect to derives the correct canonical 
commutation relations: 

{qf(°, 9), qf(a', 9')} pB = f{{qf(a, 9), &}, qf \a>, 9')}, 

{qSM, 9), g^V', 0')} pB = T{{qSi(°, 0), &}, qf^', (7-81) 

A® -i -\ A^A^ A^ 

if the 9 l+ part of the superfields rj^ = {—lp n ^ l 'k i 1 2 "n A (i) i+1 is gauge fixed to d a q i 1 
and other auxiliary fields are projected by the pullback j* after the calculation. 

A d) A (i) 

For example, the commutation relation of two terms f A (i){x)d a q i 1 and g{x{<7 r ))q- 2 on 
the original symplectic space is 



{f(x(a))d a qf (a),g(x(a'))qf (a')} 



P.B. 



- (4)Vi^^^-W>-ifco 2 —^g(x)dx^ )5 n -\a-a') 



dx 



+ ({-Ifkf ^Xn-j-ifg^j (o')dd n -\a - a'), (7.82) 

for i < j (i ^ n — 1), where x A< ~ 0) = q^ is a canonical quantity of mass dimension zero. 

A (i) A W) A « 

Since j ' A (i){x)d C7 q i 1 and g{x{a'))q : j 2 are contained in superfields f A w (x(a, 9))r) i + l (cr, 9) and 

1 A U) 1 

g{x{a\ 9'))qj 2 (cr', 9'), (17. 82 j) are calculated by the derived bracket on the QP manifold: 



{{f(x(a, 0))r$l (a, 9), ®},g(x(a', 9>))qf (a', 9')} 

i[ l) A^ df A(0) 



-^An-i^o 2 TT^Tor^ 1 tT-V-a')^- 1 ^-^), (7.83) 



for i < j (i ^ n — 1), which derives the correct first term in f)7.82p . The commutation relation 
with respect to the graded Poisson bracket 

= {-Iff^g^kf^S^^ia - a')5 n -\9 - 9'), (7.84) 

coincides with the correct coefficient of the second anomaly term in (I7.82p if the systematic 
factor (— iy~ n is multiplied. We can find that the correct terms are calculated for more 

A (i) A U) 

general terms. For example, for / (») Q) {x)d u q i 1 • • • d^q^ 1 , the graded Poisson brackets 
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for a superfields / .(<) A (j)(aj)f7j+i • • • Vj+i derives the correct commutation relations after the 

pullback?T7S 1M<4 =^^ (l) - 

Discussion in this section are summarized as follows. Let J k (j k )(qf il) (a), d a qf (l) (a)) be 
a current of mass dimension k. The space of canonical quantities is extended to a graded 
manifold, which is a QP manifold of degree n. Then this current is mapped to a super 
function j : J k{Jk) (qf l) (a), d a qf M (a)) i — > J k (qf W (a,6),rtf W (a,9)) of degree k. The original 
commutation relation is calculated as 

{Jk(J k )(°~), Jl(Ji)( a ')}p. B . = ~Jk+l+l-n([J k ,Ji])5 n ~ (° - a') 

+ (J k ,J k )(a')dJ n -\a-a'), (7.85) 

where 

[J k ,Ji] = {{M<r),Q},Mo')}, (7.86) 

and (Jfc, Ji) is obtained as 

?{J k (<T,0),J l {p',&)} = (-l) k ^{J k ,J l )(o f )8 n -\a-o')5 n - 1 {d-&). (7.87) 
We have obtained the following theorem. 

Theorem 7.1 A generalized current algebra in n dimensions has a structures of a QP mani- 
fold of degree n. The anomalies cancel if and only if current super functions are commutative 
under the Q-structure. 

Let £ be a maximal subalgebra of C°°(A4), such that elements are commutative {J k ,Ji} = 
under the graded Poisson bracket and closed under the derived bracket {{ J k , 0}, J{\ G C. The 
anomaly cancellation condition is that a set of current functions is C, which is a generalization 
of the Dirac structure. In fact, if a target space is a QP manifold T*[n]i?[l], then a QP 
structure defines a generalized Courant-Dorfman bracket on YE © /\ n ~ l E* from Example 
14.91 In this example, the anomaly cancellation condition is equivalent to the restriction of a 
generalized Dirac structure L with respect to the generalized Courant-Dorfman bracket. 

Since currents J n -i of dimensions n — 1 correspond to super functions J n -i of degree n — 1, 
the J n -\ part of current algebras has a structure of the Loday algebroid from the theorem 

S3 
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8 Conclusions and Discussion 



We have investigated generalized current algebras in any dimension. Symplectic structures 
of canonical conjugates have been reformulated by a QP manifold. Current algebras and 
anomalies in n dimensions have structures of an algebroid characterized by a QP manifold of 
degree n. The anomaly cancellation conditions are equivalent to the condition that current 
functions on a QP manifold consist of a commutative subalgebra. 

A QP manifold structure of degree n of current algebras in n dimensions suggests a 
holographic correspondence of them with a quantum field theory in n+1 dimensions. Because 
a topological field theory in n + 1 dimensions has a structure of a QP manifold of degree n via 
the AKSZ construction. These will be a generalization of the correspondence of the WZW 
model in two dimensions to the Chern-Simons gauge theory in three dimensions. 

More generalizations of current algebras have been analyzed in two dimensions in |3J. Our 
discussion can be extended to that case and these current algebras will be reconstructed in 
terms of a QP manifold and generalized to higher dimensions. Our results will be generalized 
to a manifold with boundary. This case is connected to membrane theories, such as D-branes 
and M-branes. 
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A Appendix 

A.l Current Algebras in Three Dimensions 

Current algebras in Eqs. (I6.62p and (16.631) calculated as components are following: 





{ J2ij(G,K,F,H,E) ) , Jo(f') (cr')}p.B. 



df'(x(a)) 



5 2 (a-a') 



{Jli(a,u){(7), Jlj{a',u')(<y')}p.B. = € i:j U A {x(a))u' B {x{(j)) k AB S 2 (<7 - a'), 
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{J2ij(G,K,F,B,E) (& ) , Jlk(a',u>) (&')}p.B. 

= -eijJikia^ia - a') + e tJ (-k AB u' A K B + c^G")^') W> - a'), 

{J2ij(G,K,F,B,E)(c), J2kl(G',K',F',B',E')(o' )}p.B. 
= —£ijtklJ2{G,K,F,B,E)b 2 ( cr ~ a ') 

-e l3 e kl (C'Bu + G 1 B'jj + k AB {E AJ K' B + E' AJ K B )) e mn (d m x J d n )5 2 (a - a') 
-e l3 e kl (G' T E AI + G 1 E' AI + k BC {K c F' AB + K' C F AB )) e mn (q A d n )5 2 (a - a'), (A. 



where 



^rda'j ,dG J AB f , dK B , ^ \ 



and 



ua = G 1 ^ - k BC u' B F CA 



qi ^_ q.j ^G' 1 fJ dG 1 



dx J dx J ' 

K A = G ld -^-G' ld -^ + k BC K' B F AC + E AI G'^ 

Fab = G 1 ^ AB - G' 1 A f + k CD (F AC F' DB - F BC F' DA ), 
5 rK^u 9G K dG K K fdBjj dB JK dB KI \ K L 

4*" (M, - + *i - f?) + (^ff - *Jg 

p n j 9E' AI dG J , ,j 

+*« - FbaE'ci + ^K'c ~ ■ (A.89) 

Anomaly cancellation conditions are given by 

-k AB u' A K B + c^G 7 = 0, 
G /J 5 Jt7 + + k AB (E AJ K' B + ^j^b) = 0, 

G a E A1 + G^/ + k BC (K c F' AB + K' C F AB ) = 0. (A.90) 



K 




j B KI - 


G tK ^ 


( dE A j 


dE AI 


^ dx 1 


dx J 


(dE AJ 


dE AI 


V cte 7 


dx J 
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